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The A. J. Burton and G. F. Miller integral equation formulation for the exterior 
Neumann problem for the Helmholtz equation [Proc. Roy. Sot. London Ser. A 323 
(1971), 201-210) is one of the most important integral equation approaches in that 
area. However, the kind of space settings they are working with is not clear. 
Evidently, the Fredholm integral equation of the second kind which they deduced is 
not well defined on the usual C(S) or L*(S), where S is a closed bounded smooth 
surface. In this paper, appropriate space settings are found and a rigorous existence 
and uniqueness proof for their integral equation formulation is given. c 1984 
Academic Press, Inc. 
1. INTRODUCTION 
The integral equation method is a powerful method in solving Laplace’s 
and Helmholtz’s equations. Let the solution of the Neumann problem be 
expressed as a single layer potential, which is the classic way to solve 
Laplace’s equation. Using this method for Helmholtz’s equation, it will break 
down for certain values of k, where Au + k2u = 0, namely when k is an 
eigenvalue of the interior Dirichlet problem. A second approah uses the 
Helmholtz representation formula. But using Helmholtz’s formula, the 
uniqueness of the solution of the integral equation is again in question. 
Beginning in the 196Os, many people tried to find an integral equation 
approach which holds for all k. Schenck [ 111 combined Helmholtz’s integral 
equaton formulation, which he called CHIEF. Kussmaul [9] adopted the 
idea of Brakhage and Werner [2] for the Dirichlet problem, expressing the 
solution as a combination of single and double layer integrals. In contrast, 
Burton and Miller [5] used a composite Helmholtz formula obtaining an 
integral equation that holds for all k with Zk > 0. We also note the work of 
Kleinman and Roach [8], Jones [7], and Ursell [13]. For more detailed 
review, see Kleinman and Roach [8] and Burton [3,4]. 
We notice that Burton and Miller [5] observed the existence of a solution 
for their integral equation formulation. Then they proved uniqueness, but 
without mentioning any specific function space setting. The purpose of this 
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paper is to find appropriate function spaces and give a rigorous proof of the 
existence and uniqueness theorem of the Burton and Miller integral equation 
formulation for Helmholtz’s equation to the exterior Neumann problem. 
2. DEFINITIONS AND PRELIMINARY RESULTS 
Let S be a closed bounded surface in R3 and assume it belongs to the 
class C*. Let D-, D, denote the interior and the exterior of S, respectively. 
The exterior Neumann problem for Helmholtz’s equation is to determine a 
function u such that 
Au(A) + k*u(A) = 0, A=(x,y,z)ED+, I,,,k>O, P-1) 
(2.2) 
with f a given function and u satisfying the radiation condition: 
u=O (+), ($-ik) u=o (+) asr=(Al-+ co, (2.3) 
where v,, is the outward drawn normal with respect o D- . 
If a function f is 1 times continuous differentiable on S and if the Zth order 
derivatives are Holder continuous with exponent 1, we say f E C’,*(S). (See 
[6, P. 971.) 
We call 
a single layer function, and u(q) is called the single layer density function. 
We call 
pER3, 
a double layer function, and u(q) is called the double layer density funciton. 
For simplicity, sometimes we write Lu and Mu only. We also define 
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$L,u(p) = )-l&l -&h(4), pE s. 
A ‘p- P 
We can similarly define 
When u is fixed, we only write L,, Li, (8/c%) L, etc. 
Based on Green’s second identity, we have the following well known 
Helmholtz formula: if u satisfies (2.1) and (2.3), then 
-4MP), PED+, 
-2xu(p), p E S, (2.4) 
0, PEE, 
with r=lp-ql. 
Using (2.4), Burton and Miller [5] express the solution of (2.1)--(2.3) as 
4‘4) =&WA) + q-(A)), AED,. (2.5) 
They find u on S by requiring that it satisfy the boundary integral equation 
(-ZRI - A4 + a $M,) u(p) = U(P) + a (-27@(P) - $flPj) , P E s, 
(2.6) 
where a is a strictly complex constant. We note that when a = 0, there is no 
unique solvability. 
Because &%4e/& is not defined on all of C(S) (see [6, p. 71-76]), it is 
quite certain that the space setting we choose cannot be C(S) or L’(S), 
which are the most popular and natural space settings for the second kind of 
integral equation. We choose CIVA(S) and C”*A(S), 0 < 1 < 1, as our 
function spaces, where S E C2. We remark that Kussmaul [9] used those 
spaces for his integral equation formulation. 
Based on Giinter’s results for Laplacian potentials, Werner [14, 
Lemmas 2-71 proved the following result for Helmholtz potentials. Since it is 
frequently used in this paper, we state it as a lemma. 
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LEMMA 2.1 (Werner). (i) Zf u is continuous on S, then Lu is continuous 
on R3. Moreover, 
&U(P) =-f/u(P) - 27NP)T p E s, 
f Li”(P) = -& Lu(P) + 271u(P), 
with 
a eiklp-ql 
-$Lu(P)=jsu(o)~~do”. 
P 
(ii) Zf u is Holder continuous on S, then Lu is continuously dtreren- 
tiable in D+ and D-. 
(iii) Zf u is continuous on S, then for each p E S we have 
M&u(P) = Mu(p) - 27u4(P) 
MiU(P) = Mu(p) + 27X4(p). 
Moreover, the functions 
M,u= 
= 
M,u= 
= 
Mu in D, 
Meu on S 
Mu in D- 
Miu on S 
are continuous in D+ and D-, respectively. 
(iv) Zf u is continuous on S, then Lu and Mu are Holder continuous 
on S. 
(v) Zf u is Holder continuous on S, then Lu and Mu are Holder 
dtrerentiable on S. 
(vi) Zf u is Holder dtperentiable on S, then M,u and M,u are 
continuously differentiable on fi+ and D- , respectively. Moreover, for each 
P E S, 
gMeu(P) =iMiu(P), 
Remark. We note that in (v), the Hiilder exponent 1’ of Lu or Mu is the 
same as the Htilder exponent A of u, if 0 < A < 1 (see [ 151). 
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3. EXISTENCE AND UNIQUENESS 
The major result of this paper is Theorem 3.6. We first prove the following 
lemmas and theorems. 
LEMMA 3.1. For each f E C’*‘(S), there exists a solution u E C’,‘(S) of 
the boundary integral equation 
(-2nI - w U(P) = Lf(P), pE s. (3.1) 
Proof: For eachfE L*(S), there exists a solution u E L’(S) of (3.1) (for 
example, see [ 111). We will prove that u E C1,a(S) if fE Co5’(S). Since f is 
continuous on S, the Regularity Theorem (see [ 10, p. 1781) implies u is also 
continuous on S. From (iv) and (v) of Lemma 2.1, Lf E C’,*(S) and 
Mu E C’,‘(S). From 
u(p) = - & (Lf (P) + Mu(p)), (1) 
we have u E CO,‘(S). By (v) of Lemma 2.1, Mu E C’,‘(S). From (1 ), 
u E P(S). 
Based on an idea used by Angel1 and Kleinman [ 1 ] and Kleinman and 
Roach [8], we prove the following existence theorems. 
THEOREM 3.2. Suppose that k is not an eigenvalue of the interior 
Dirichlet problem for the Helmholtz equation. Then for each f E CoaA(S), 
there exists a solution of (2.6) in C’,‘(S). 
Proof From [ 15, Lemma 41 
$: P(S) -+ c”qs), 
and hence 
-27rz - M + a q+: P(S) -+ P(S) 
is well defined. 
From Lemma 3.1, there exists a solution u of the equation 
(-2nZ - w u(p) = Lf (P) (1) 
in C’*“(S). Define a function V on D- by 
V(A) = Mu(A) + Lf (A), AED-. (2) 
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From (i) and (iii) of Lemma 2.1, we have for all p E S that 
A’@- V(A) = 2nu(p) + Mu(p) + U(P). 
From (l), lim,,,- V(A) = 0 for all pointsp E S. The function V, therefore, is 
a solution of the interior homogeneous Dirichlet problem for the Helmholtz 
equation with zero boundary data. Since k is not an eigenvalue of this 
problem, the function V must vanish identically in fi- and so aV,lav = 0 on 
S. We now rewrite the relation defining V in D- as 
Mu(A) = V(A) - Lf(A), AED-. 
From (vi) of Lemma 2.1, &f,lav and &VJC%J exist and 
(3) 
From (3) above and (i) of Lemma 2.1, we have 
aA4.u 
+- (P) = -27!!(P) - -&f(P)9 p E s. 
(4) 
(5) 
From (4) and (5), u is also a solution of 
ah4 u 
+- (P) = -2Tf(P) -&(P). 
Hence u is a solution of (2.6). 
It remains to show that the above existence result holds when k is an 
eigenvalue of the interior homogeneous Dirichlet problem. To this end, we 
need the following lemma. 
LEMMA 3.3 [8, Theorem 4.31. The function V is an eigenfuncton of the 
interior Dirichlet problem with zero boundary data if and only if V can be 
represented in the form 
V(A) = & Mw(A), AED-, 
where 2nw(p) + Mw(p) = 0, p E S and w E L’(S). 
THEOREM 3.4 (Existence Theorem). For each f E CovA(S), there exists a 
solution of (2.6) in C’**(S). 
Proof: From Theorem 3.2, we only need to show it is true when k is an 
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eigenvalue of the interior homogeneous Dirichlet problem. Let u, be a 
solution of the equation 
(-2x1- Ml U(P) = u-(P) 
in C’.*(S), and define a function V on D- by 
(1) 
V(A) = Mu,(A) + u-(A), AED . (2) 
As in the proof of Theorem 3.2, V is either identically zero or is a non- 
trivial solution of the interior homogeneous Dirichlet problem. From 
Lemma 3.3, in either case, we may represent he function V in the form 
V(A) = & Mw(A), AED- (3) 
for some w of the equation 
27cw(p) + Mw(p) = 0, pE s. (4) 
From (2) and (3), 
-$h@) = MU,(A) + Lf(A), 
Define u on S by 
1 
u=u1-27(wT 
then from (1) and (4), 
(-2nI - M) u(p) = U(P), 
and from (2) and (3), 
AED_ (5) 
(6) 
p E s, (7) 
Mu(A) = -&f(A), AED-. (8) 
BY (4) 
W(P) = g+W(P), p E s. (9) 
Using the Regularity Theorem (see [ 10, p. 178]), (9), and Lemma 2.1, parts 
(iv) and (v), w E C’*‘(S), and hence u E C’,“(S). From Lemma 2.1, parts (i) 
and (vi), and (8), 
y (P) = -&(P) - W(P), pE s. (10) 
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Since @V,u/&)(p) = (aM,u/&)(p), from (7) and (IO), z1 is a solution of 
(2.6). 
We now give the Uniqueness Theorem, with the proof following along the 
lines of the discussion of Burton and Miller [5]. 
THEOREM 3.5 (Uniqueness). For each f E C”*A(S), there is at most one 
solution u of the integral equation (2.6) in Clva(S). 
Proof: It suffices to show that the corresponding homogeneous equation 
-2?7*44+c+4, u(p)=0 
) 
(1) 
has only the trivial solution u = 0 on S. Let u E C’*‘(S) be a solution of (1). 
From (l), 
-A4,+a-$, u(p)=O. 1 (2) 
By (vi) of Lemma 2.1, M, and M, are continuously differentiable on fi+ and 
BP, respectively (for definitions of M, and M,, see Lemma 2.1). Applying 
Green’s second identity and (2), we have 
I, (M,Ati2-lQ2AM2)dv’js [Mi$Q2i~] da 
al. 2 
= 2iI,a + da. 
j/ I s 
Since M, and its complex conjugate M, satisfy Helmholtz’s equation, we 
have 
I (M,Aiif, - I%?,AM,) dV = 0. D- 
If we choose I,,,a # 0, then 
da = 0. 
This implies that 
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From (2), M, = 0 on S. Using aM,/au = aM,/av and [ 12, p. 68 1 ] it follows 
that M,=O on D,. Thus M, = 0 on S, and therefore 
u = -( 1/4n)(M,u - M,u) = 0 on S. 
Combining Theorem 3.4 and Theorem 3.5, we obtain the following 
Existence and Uniqueness Theorem. 
THEOREM 3.6 (Existence and Uniqueness) For each fE Co3’(S), there 
exists a unique solution u of the integral equation (2.6) in C’+‘(S). 
Remark. We note that no norms are involved in C’.‘(S) and COY’(S). If 
we endowed C’.A(S) and C’,‘(S) with the usual norms, then the integral 
operator 
-M + (x $ M,: C’,“(S) + C’*-‘(S) 
is bounded, but not compact. (See [ 15, Lemma 13; 91.) We also remark that 
the above theorems are also true for the two dimensional case by using the 
corresponding results in two dimensions. 
ACKNOWLEDGMENTS 
This paper was part of my Ph. D. thesis, written under the direction of Professor Kendall E. 
Atkinson of the University of Iowa, Iowa City. I wish to express my appreciation to him for 
his guidance in my research. 
REFERENCES 
1. T. S. ANGELL AND R. E. KLEINMAN, “Boundary Integral Equations for the Helmholtz 
Equation: The Third Boundary Value Problem,” Math. Meth. Appl. Sci. 4 (1982) 
164-193. 
2. H. BRAKHAGE AND P. WERNER, Uber das Dirichletsche Aussenraumproblem fur die 
Helmholtzsche Schwingungsgleichung, Arch. Math. 16 (1955), 325-329. 
3. A. J. BURTON, “The Solution of Helmholtz’s Equation in Exterior Domains Using 
Integral Equations,” National Physical Laboratory Report NAC 30, NPL, Teddington. 
1973. 
4. A. J. BURTON, Numerical solution of acoustic radiation problems, National Physical 
Laboratory Contract OC5/535, NPL, Teddington, 1976. 
5. A. J. BURTON AND G. F. MILLER, The application of integral equation methods to the 
numerical solution of some exterior boundary value problems, Proc. Roy. Sot. London 
Ser. A 323 (1971), 201-210. 
6. N. M. GBNTER, “Potential Theory,” F. Ungar Pub., New York, 1967. 
7. D. S. JONES, Integral equations for the exterior acoustic problem, Quart. J. Med. Appl. 
Math. 27, No. 1 (1974), 129-142. 
514 TZU-CHU LIN 
8. R. E. KLEINMAN AND G. F. ROACH, Boundary integral equations for the three- 
dimensional Helmholtz equation, SIAM Rev. 16, No. 2 (1974). 214-236. 
9. R. KUSSMAU~ Ein numerisches Verfahren zur Losung der Neumannschen Aussenraum- 
problems fur die Helmholtzsche Schwingungsgleichung, Computing 4 (1969), 246-273. 
IO. S. G. MIKHLIN, “Mathematical Physics, An Advanced Course,” North-Holland, 
Amsterdam, 1970. 
I I. H. A. SCHENCK, Improved integral formulation for acoustic radiation problems, J. 
Acousr. Sot. Amer. 44, No. I (l968), 41-58. 
12. V. 1. SHIRNOV, “A Course of Higher Mathematics,” Vol. IV, Pergamon, Oxford, 1964. 
13. F. URSELL, On the exterior problems of acoustics, Proc. Cambridge Philos. Sot. 74 
(1973) 117-125. 
14. P. WERNER, Randwertprobleme der mathematischen akustik, Arch. Rafional Mech. Anal. 
10 (1962), 29-66. 
15. P. WERNER, Beugungsprobleme der mathematischen akustik, Arch. Rarionol Mech. Anal. 
12 (1963). 155-184. 
